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ABSTRACT 
We consider a discrete stochastic process X = (Xs, Xl,. . .) with finite state space (0, 1, . , b - l}, 
which carries the random asymptotic behaviour of the relative frequency in which the digits appear 
in the expansion in base b of a linear recurrent sequence of real numbers. If p denotes the dominant 
root of the characteristic polynomial associated with the linear recurrence relation, by a classical 
result, the stochastic process X does not depend on the recurrence relation whenever p > 1 and 
log, p is irrational. We prove that this stochastic process X has asymptotically independent values 
and is asymptotically identically distributed, with asymptotic distribution of equal probability to 
every state. We also show that in the case of &expansions of a linear recurrent sequence of real 
numbers, the corresponding stochastic process X is asymptotically identically distributed; but in 
the case fi > I is not a integer, it does not have asymptoticalIy independent values. The speed of 
convergence to equilibrium is shown to be exponential. Moreover, in the case of the sequence o”, we 
show an explicit relationship between multiplication by a (as a multiplication machine in the p- 
shift) and the irrational rotation. We finish with a remark that some of these results are satisfied for 
other sequences of real numbers. 
INTRODUCTION 
We begin by reminding the reader of the classical question: In the sequence of 
first digits of the expansion of 2” in base 10, i.e. 2,4, 8, 1, 3, etc. does the digit 7 
appear? If so, does 7 occur more often than 8? This question was probably first 
mentioned by Arnold and Avez [AA] as an aside that, although 7 appears for 
* This work was partially supported by the European Science Foundation Programme PRODYN: 
“Probabilistic Methods in Non-Hyperbolic Dynamics”. 
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the first time when n = 46 and 8 appears sooner, asymptotically 7 occurs more 
often than 8. In fact the relative frequency of a digit p E: { 1,2, - . . ,9} is 
log,,( 1 + l/p), and hence 1 occurs more often than 2,2 occurs more often than 
3, and so on. This is mentioned in many textbooks on Ergodic Theory as an 
example of a standard application of Weyl’s Theorem on the equidistribution 
of nB (mod Z) in [O, l), for irrational 8, in the study of relative frequencies. 
In Section 1 we use the standard argument o find the relative frequencies in 
which a prescribed sequence of m + 1 digits appear as the first m + 1 digits from 
the left, in the expansion of a sequence of real numbers of the form u,, = o” 
(where CY > 1) in base b. (The latter can be proved as a Corollary of the Classi- 
cal result mentioned above by studying the relative frequency of the first digit of 
o? in the expansion in base b”.) However, we use a slightly different presenta- 
tion which allows us to show that the same relative frequencies occur when un 
grows exponentially fast with growth rate not a rational power of b and also 
allows to consider /?-expansions. A natural sequence of numbers which satisfy 
this property are the linear recurrent sequences with characteristic polynomial 
having a dominant root greater than 1. 
Using the above relative frequencies, we consider a discrete stochastic pro- 
cess X = (&,Xi,.~ .) with finite state space (0, 1, . . . , b - 1}, where we define 
their joint distributions to be given by the above relative frequencies. We show 
that (X, IFD) has asymptotically independent values and is asymptotically iden- 
tically distributed. Furthermore, the states are asymptotically equally dis- 
tributed (cf. Corollary 3). Similar results appeared in [FS] when studying nor- 
mal numbers in base q which are also normal in base p, where q,p are positive 
integers such that logq/ logp is irrational. In that paper, the digit distribution 
of the most significant digits of the expansion of Lfn to base p is considered, see 
Propositions 1,2 and 3 of [FS]. 
Constructing an analogous stochastic process for relative frequencies with 
respect o &expansions, we show that the corresponding stochastic process has 
an asymptotic distribution but does not have asymptotically independent val- 
ues whenever */3 > I is not an integer (cf. Section 5). The common feature be- 
tween the cases where ,B is an integer or not an integer is that the corresponding 
asymptotic distribution is of maximal entropy with respect to the underlying 
symbolic systems’. 
The speed of convergence to equilibrium is studied in Section 6, where we use 
the exponential decay of correlations associated to the P-transformation to 
obtain exponential convergence of the above processes. This is particularly in- 
teresting if one would like to use the deterministic sequences of numbers we 
discuss to generate random numbers. We should point out that there is an ex- 
tensive literature in the so-called pseudo-random number generators, which is 
usually obtained by taking deterministic sequences uch as the ones we con- 
sider and computing it modulo a fixed natural number (cf. e.g. [Nie] and refer- 
ences therein). The latter is a very active research field in computer science and 
’ Thanks are due to the referee for pointing this out. 
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encryption techniques. Just to mention a few of some recent work, which might 
be of interest to the reader of the present paper, see e.g. [Lad, [USp], [Sug] and 
[Gon]. 
The classical approach to study asymptotic frequencies of the digits in the 
sequence an (with Q > 1) in base b > 1 (or more generally real base p > 1) of 
Section 1 suggests that this problem is governed by a rotation by 
0 = logp a (mod Z). We exploit this relationship explicitly in Section 7 and 
show that there is actually a topological conjugacy between the multiplication 
by (Y in the P-shift (which we call a multiplication machine) and an irrational 
rotation by 0, if we restrict the multiplication machine to sequences not starting 
with the digit 0 in the P-expansion. 
In Section 8 we consider different sequences of real numbers u, in which our 
results can also apply, and in Section 9 we show that there are corresponding 
results for the digits appearing in some types of F-expansions. 
1. PRELIMINARIES 
Here we give the standard argument which allows us to compute the relative 
frequencies of blocks [ po,pl,. . . ,pm] appearing as first digits of Q” in base b, for 
cr > 1. 
A representation of a number u > 0 in base b is a sequence of integers 
aj E (0, l,..., b-l},jIkforsomek,suchthat 
u = akbk + ak_lbk-’ +. . .+alb+ao+a_lb-‘+... . 
We say that a representation (aj)isk is greater in the lexicographical ordering 
than (aJ)jsk if there exists an index i < k such that ak = a;, . . . , ai+ 1 = a :+, 
and ai > a :. The greatest over all possible representations of u is the expansion 
of u in base b. 
The standard argument is as follows. Consider the expansion of Q” in base b, 
an = akRbk” + akR_lbkn-’ +...+alb+ao+a_lb-‘+... , 
where aj E (0, 1, . , b - 1) for all j, and ak, # 0. Suppose 0 = log, (Y is irra- 
tional. Note that aj = ai are functions of n. Denote by T,: [ 0,l) -+ [ 0,l) the 
map 
T,(x) = bm+x-l (mod Z) , 
and letf: [ 0,l) -+ [ 0,l) d enote the rotationf(x) = x + f3 (mod Z) 
Proposition 1. A digit p E (0, 1, . . , b - 1 } appears as the m-th digit from the left 
in the expansion of cz:” in base b, i.e. a&m = p, if and only if 
Proof. We note that ag-m = p if and only if 
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,n-ak,bkn-...-akn_m+~~n-m+’ 
@,-m+l 
< P-t1 
b . 
Since k, is the integer part of logb(an) = ~0, the latter is equivalent o 
P b < d”(o)+m-’ -ak”b m-l P+l -...-~(k,-~b-ak,-,,,+~ < b. cl 
For fixed m 2 0 and pj E (0. l,...: b - 1 }, the relative frequency of a block 
(p~,p~, . . . ,p,] within the first m + 1 digits from the left, in the expansion of a” 
in base b is given by 
(1) freq[po,...,p,] = ,lim_k#{l <n<N: ak,_j=&, Vj=O,l;..,m) 
For later reference, the lower relative frequency freq [PO,. . ,p,,,] and upper re- 
lative frequency freq [PO, . . . ,p,] are defined replacing the above limit by lim inf 
and lim sup, respectively. 
Defining the set 
(2) B,,, = fi k-1 [F ,p+) , 
j=O 
and considering the indicator function g,(x) = XB,(X) of this set, we apply the 
above Proposition to show that 
freq(po!..~,Pm] = ,;exk 5 &V(O)) . 
n-l 
A famous result in [Wey] is the following 
Weyl’s Theorem. Let 8 be an irrational number. For every Riemann integrable 
function g: [0, 1) + [w we have 
untformiy in x, wherefj(x) = x + jl? (mod Z) and X denotes Lebesgue measure on 
[0, 1). More generally, the lutter also holds tf f’(x) is replaced by x + P(j) 
(mod Z), where P(x) = SOY + six’ -’ + . . + s,, r 2 1, is u polynomial with real 
coeficients such that at least one of the coeficients si, 0 5 i 5 r - 1, is irrational. 
Using Weyl’s Theorem we conclude that 
freq[po~~~~,pm] = gmdA = X(Bm) 
Therefore we have proved 
Proposition 2. The relutive frequency of a block ( po,pl. . . ,pm] appeuring as the 
first m + 1 digits from the left, in the expansion of a” in base b is given by 
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fredp0,. . . ,prnl= (f-j0 y [fyg)) 
= log, 1+ 
1 
p&m + . . . > +pm-lb +pm ’ 
We note that, apart from the blocks where po = 0 (which cannot occur since 
a,& # 0), every block has strictly positive relative frequency. Note also that in 
base b = 10, the above expression shows that the relative frequency in which a 
number N appears as the first digits from the left in the expansion of cr” in this 
base is log,,(l + l/N). (This could be proved as a Corollary to the standard 
proof of the distribution of the first digit (as done in Arnold & Avez [AA]), 
since one could use the standard argument to obtain the relative frequency of 
the first digit in the expansion in base b = 1Om.) As we mentioned in the In- 
troduction, we used a slightly different approach to allow for further study of 
the properties of such expansions. 
2. EXPANSIONS OF LINEAR RECURRENT SEQUENCES 
Let U, be a sequence of non-negative real numbers defined by the recurrence 
relation 
Un+l = CoU,+~~~+c&_~) 
where cj are real numbers with ce # 0, and ~0, ~1, . . . , ue are not all identically 
zero. Consider the characteristic polynomial of this recurrence relation 
P(t) = te+‘-Cgte-..~-Ce-lt-Ce. 
We will assume throughout that P has a dominant root p such that p > 1, and 
hence the numbers u, grow exponentially fast with order O(p”). Let b > 1 be a 
fixed natural number. Following the programme done in Section 1, we expand 
u, in base b and define a sequence of digits aj = ai E (0, 1, . . . , b - 1) by 
24 n= Uk,bk”+uk,_,bk”-‘+...+u~b+uo+u_,b-’+... , 
where ak,, # 0. Write 19 = log, p and suppose that 8 is irrational. We have the 
following 
Theorem 3. The relative frequency of a block [ po,p~, . . ,p,,J appearing us the 
jirst m + 1 digits from the left, in the expansion of u, in base b is given by 
freq [PO,. . . ,Pml = log, (1 + 1 > pob”+...+pm-lb+pm ’ 
Therefore the asymptotic behaviour of the digits from the left, in the expansion 
in base b depends only on b, as long as the numbers U, grow exponentially fast 
with growth rate not a rational power of b. 
Motivated by these asymptotic frequencies we consider a stochastic process 
X = (X0, XI,. . .) with state space (0, 1, . . . , b - l}, by defining the joint dis- 
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tributions of these random variables to be the relative frequencies of the blocks, 
i.e. we define 
qxo = PO, . . . , xm=p,) = A(goq-lpp)). 
Note that the above expression is equal to 
log, 1 + ( 1 pob” + . * . +ih-lb +pm ) 
if po # 0 and it is zero if po = 0. Since these joint distributions satisfy Kolmo- 
gorov’s consistency theorem [Kol], the probability P defines a Bore1 probability 
measure p on the space of one-sided infinite sequences R = (0, 1, . . . , b - l}‘, 
where we think of R endowed with the Tychonov product topology generated 
by the discrete topology on (0, 1, . . . , b - l}. Recall that there is a natural map 
0 (the shift) on Q defined by a(x), = x,+1 for all it > 0, where 
x = (x0,x1;..) E 0, w IC h’ h 1s a continuous surjective map. We note that p is 
not shift-invariant since it is easy to see that the stochastic process (X, P) is not 
stationary. 
Theorem 4. As k + 00, the sequence of probability measures poumk converge in 
the weak*-topology to the Bernoulli probability measure (1 lb, . . , l/b)‘. 
In fact, in some sense to be made precise in Section 6, the speed of convergence 
is exponential (cf. Theorem 12). An equivalent way of stating the above result is 
Corollary 5. The stochasticprocess (X, p) has asymptotically independent values 
and is asymptotically identically distributed, with asymptotic distribution given by 
(l/b,. . . , l/b). 
Intuitively, this result means that when p > 1 and log, p is irrational, for large 
enough n there exists A4 such that the chances of seeing a block [PO, . . . ,pk] in 
position M of the expansion of U, in base b, i.e. that 
ak”-M=PO,“‘,ak.-M-k=Pk 
are the same chances of seeing another block [ qo, . . . , qk] in the same position 
(herepi,qi E (0, l;..,b- 1)). 
3. PROOF OF THEOREM 3 
We recollect some well-known facts about linear recurrent sequences. Here we 
are assuming p > 1 is the dominant root of the characteristic polynomial P. 
Hence, let Xi = p and X2, f . f , A, be the distinct roots of the polynomial P, where 
by hypothesis Xi > /Xi] forj = 2,. . . , s. Then we may write 
(3) &I = cp” f Xi 42(n) + . . . + A: qs(n) , 
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where c is a constant and St(*) are (possibly complex) polynomials. Therefore 
we have 
lim 5 = c > 0, 
n+co p 
and consequently u,, - cp” as n + 00. From (3) we see that 
foralljz l,wheremax{l&l: i=2,... , s} < v < p and C is a positive constant. 
Write p(n) = un - cp”. 
Lemma 6. Forfixed m > 0 andfor suficiently large n, if 
where f: [ 0,l) -+ [ 0,l) denotes the rotation by 0, and log, c is interpreted modulo 
1, thenp E (0, l;.. , b - l} is the m-th digit from the left in the expansion of u,, in 
base b, i.e. a&,,, = p. 
Conversely, ifp E (0, 1, . . ’ , b - 1) satisfies ak,_,,, = p, then 
Td,f?log,c)) E Idn)l P+ 1 “(n)’ f-&-m+, ~~+/,,,+,,,+I (mod Z) , 
where the latter interval is interpretedas the union of two disjoint intervals in [0, l), 
whenp=Oorp=b-1. 
In fact the above statements are truefor all n such that Iv(n)1 < bkn-“‘. 
Proof. As in the proof of Proposition 1 we have a&,,, = p if and only if 
p-c u, - ak,bkn - . . . - a,+m+,bkn-m+’ 
b- bk,-m+l 
< Ps-1 
b ’ 
Replacing U, by cp” + cp(n) and seeing that if n is big enough k, is the integer 
part of log,(@), we conclude that the above inequalities are equivalent to 
P cp(n) -- < bf”(l‘%bc)+m-l _ ak b”-’ 
b bk-m+l - n 
-...- ak,-,,,b-a+,,,+1 < p+-b$;)+, . n 
Thus the result follows from best integer approximation and the fact 
bk” - cp” and cp(n) = o(p). 0 
Proof of Theorem 3. For fixed m and for 0 < E < 1, consider the 
BL;; = njm=, Tj-‘$+l-(e), where we have defined 
that 
sets 
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Ij_(E) = 
jJj+E pj+l-E 
- 
b’ b > ’ 
and 
Ijf(&) = ‘9 ,” ‘i + ‘) (mod z) . 
Using Lemma 6 and the fact that a finite portion of n does not affect the 
asymptotic frequency in which the block [ po?p~, . . . ,p,] appears, applying 
Weyl’s Theorem for x = log, c (mod 1) we get 
and 
freq 
Since this holds for all 0 < 6 < I and 
lim X(&J = jeo X(B&) = A(&) ! 
E'O 
where II,, is defined in (2), we obtain the desired result. Cl 
The above proof has the following consequence. 
Corollary 7. Let u, be an arbitrary sequence of real numbers such that there exist 
c > 0 and p > 1 such that cp(n) = u,, - cp” satisfies cp(n) = o(p), then Theorem 3 
also holds for u,,. 
4. PROOF OF THEOREM 4 
We recall some basic ergodic properties of the map T: [ 0.1) + [ 0,l) given by 
T(x) = bx (mod Z). This map preserves Lebesgue measure X and it is mixing 
with respect to this measure, i.e. for every g, h E L’(X) we have 
(4) 
Now consider the map S: [ 0,l) - [ 0,l) defined by S(x) = b” (mod Z). The 
maps T,,, defined in Section 1 satisfy the following relation for all x E [ 0, 1) 
T,(x) = T”‘- ‘(S(x)) . 
form 2 1 and TO(X) = b”- ’ (mod 22). 
Proof of Theorem 4. We fix m, and for-j = 0, 1, . . . , m, we consider an arbitrary 
but fixed choice of digits pj E {O? I? . . . , b - 1). Denote by 
[PolPr,...,/Im]k= {X=(XO:Xl:...)Efk Xk+j=pj, ~~=0,1;~~,m} 
the corresponding cylinder in R at ‘time’ k. In order to prove the Theorem we 
366 
need only to show that the measures po~-k converge on cylinders. Therefore we 
compute 
Since, for j > 1, we may express q-’ as (Tj-* OS)-’ = S-l o T-j+‘, defining 
the intervals 4 = [ 2 ,‘q), we obtain 
We note that the measure X D S-“’ is absolutely continuous with respect to X. 
Therefore we may take the Radon-Nikod~m derivative h = d(X o S-‘)/dX. Let 
g, denote the indicator function of B,, = nyd T-jr,, then we conclude from 
the above that 
Using (4) and the fact that fit dX = 1 I we obtain 
!im~Clna-k([pO,pt,...,pnt]o) = h dX g, dX J 5 
From the properties of T we finally have 
This finishes the proof of Theorem 4. Cl 
5. F~RTH~~~~~~LTs~N ~-EXPANSIONS 
Here we show that the corresponding results for the expansion of un in base 0, 
where I is a real number greater than 1, can exhibit di~erent asymptotic beha- 
viour for the corresponding stochastic process (X, P). However, the common 
feature with respect to the previous case is that the asymptotic distribution will 
have maximal entropy with respect to the underlying symbolic system. 
Define b - 1 = [pj the integer part of 8 if fi is not an integer, otherwise set 
b = 0. Consider the alphabet A = {&I,. . + Ib - 1) and the space Q = A 
before. If u is a positive real number then a /3-representatim of u is a sequence of 
integers aj E A such that 
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u = u,pk + u&p + . . . + alp + a0 + u_1p + . . . ) 
where we specify ak # 0 if u > 1, and no restrictions if 0 < u < 1. As in 
Section 1, we say that a P-representation (aj)jlk is greater in the lexico- 
graphical ordering than (aJ)jlk if there exists an index i 5 k such that ak = a;, 
I 
. . ., ai, 1 = a i+ 1 and ui > a :. The greatest over all possible ,&representations of 
u (for 0 < u < 1) is called the normal &representation or the P-expansion of U. 
When u > 1, taking u”= u/pkt ’ where k = [logp ~1, we define the P-expansion 
of u to be the P-expansion of 21. In the special case u = 1 we will consider a0 = 0 
and denote the P-expansion of 1 by d(1, p) = (an)n5 _I as the greatest @rep- 
resentation of 1 in lexicographical ordering such that us = 0. 
When 0 < u < 1 the /?-expansion of u can be obtained using the p-transfor- 
mation Tp: [ 0,l) + [ 0,l) defined by 
Tp(x) = px (mod Z) . 
The digits, aj of the P-expansion of u in this case are obtained by 
a-j = L/3 T$(u)J forj 2 1. When u > 1 then the digits of its P-expansion is given 
by ak-j = ],8 TL(u/ak”)j forj > 0, where k = [logpu]. 
If d( 1, p), the P-expansion of 1, ends with infinitely many zeroes we say that it 
is finite and we omit the ending zeroes. Let Dq 2 R denote the set of all /3-ex- 
pansions of all positive numbers U, and let 6’0 denote the closure of Dp in R. 
The restriction of the shift transformation Q to Rp will be denoted by 00. Al- 
though we will not need this result here, we recall that 00 is a shift of finite type 
if and only if d( 1, ,O) is finite [Par], and it is a sofic system if and only if d( 1, p) is 
eventually periodic [Ber]. 
Now we recall some ergodic properties of Tp. First it does not preserve Le- 
besgue measure on [ 0,l) if /3 is not an integer. Nevertheless, it preserves a 
unique absolutely continuous probability measure vp, where the logarithm of 
the Radon-Nikodym derivative ho = log(dvp/dX) is a function of bounded 
variation. The measure vp is mixing for To, therefore, as in (4), for any pair of 
functions gl, g2 E L’(X) we have 
(5) lim 
?I+03 
gl . g2 o T; dvp = 
Let un be a sequence of non-negative real numbers such that there exist c > 0 
and p > 1 satisfying cp(n) = U, - cp” = o(p”). Let p be given such that 
0 = log@ p is irrational. Define the maps T,,J: [ 0,l) -+ [ 0,l) by 
T,,p(x) = ,Ptx-l (mod Z) . 
By a similar computation done in the proof of Lemma 1, replacing b by /3 we 
obtain 
Lemma 8. Forfixed m 2 0 undfor suficiently large n, if 
L,dfVogpc)) E E+ I&d P+ 1 IMl -- /j pk,-mtl' p 
> 
pk,-m+l ’ 
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where f is the rotation by 0, logoc is interpreted mod&o 1, and we think of 
~+1)/(77heing1whenp=b-1,thenp~{O,l,~~~,b-1}isthem-thdigitfrom 
the left in the &expansion of u,,, i.e. ak, ,,, = p. 
Conversely, ifp E (0, 1, . . . , h - 1) satisjies ak, -,,, = p, then 
where the latter interval is interpreted as the union of two disjoint intervals in (0, 1 ), 
whenp = 0 orp = b - 1. 
In fact the above statements are truefor all n such that IT(n)1 < {jkn “I. 
Therefore following the steps in the proof of Theorem 3 and under the above 
hypothesis on u,,, we prove 
Corollary 9. The relutive frequency of u block [po,p~ ( . ,pm] appearing as the 
first m + 1 digits from the left, in the &expansion of u, is given by 
Thus we can also consider a stochastic process (XJ. P.,) with state space A de- 
fining the joint distributions of the sequence X., = (X0, Xt , .) by 
These joint distributions define a probability measure p;p on U, the same way 11 
was defined on cylinder sets in Section 2. Let ~~1: [0, 1) -+ R denote the coding 
map K:~(x) = (~0~x1,. . ) E R, where xj = a-j- 1 (x) for j 1 0 are the corre- 
sponding digits of the &expansion of X, i.e. 
We note that rrg maps the $-transformation to the shift transformation ag, 
i.e. 7r+T,j = (J;P~~J. Hence the probability measure fi = v:+x:,’ is a mixing shift- 
invariant measure for (R:j, a~). 
The next result is the main result of the section. 
Theorem 10. As k -, 00, the sequence of probability measures u30a;~ con verge in 
the weak “-topology to the equilibrium measure fi = U:PK;’ supported on 0~. 
The convergence is in fact exponential (cf. Section 6). As a consequence we 
obtain 
Corollary 11. If 0 is not an integer, the stochastic process (XJ! Pn) is asymptoti- 
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caliy identically distributed, but does not have asymptotically independent values. 
There exists an asymptotic limit distribution (depending on 0) 
Qp = ,)mx P.Y(& = PI 
foreachp E (0, l,...,b- 1}, QP > Oj or everyp, and Q,, > Q4 wheneverp < q. 
Proof of Theorem 10 The proof is analogous to the proof of Theorem 4 done in 
Section 4. Define the map S(x) = ,B” (mod Z), and hence Tm.3 = T,J’- ‘OS for all 
m 2 1. For fixed m and for an arbitrary choice of pj E A we have 
where we have defined /I = [ 9 ! ‘* 3 ), and where we think of (p/ + 1)/B being 1 
whenever pj = b - 1. Now if h = d(X&‘)/dX and g, is the indicator function 
of B,,, = n,yzo T;jlj we have 
Using (5) and the fact that Jheeh.s dull = 1 we obtain 
limk --) W~$X-~([ pO~pir~~~,PmlO) = /he-hjdv~/g,dvj 
= u,y c-0 )ii T,,j"j 
= ~;7”~~‘([p0,Plr...rPmJO) 
This finishes the proof of Theorem 10. Cl 
In order to show how Corollary 11 follows from Theorem 10, we need to recall 
further properties of the absolutely continuous measure ~3. If we consider the 
transfer operator L associated to T,j, which operates on the space BV[O, 1) of 
functions of bounded variation ti: [0, 1) + R, by 
then the function ehj is the unique non-negative function in BV[O: 1) which is a 
fixed point for C and satisfies J&J dX = 1. Also, if 1 denotes the constant func- 
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tion with value 1 then eh@ = lim,,, L* (1). Independently, Gelfond [Gel] and 
Parry [Par] show that in fact 
for all x E [0, l), where K is a normalising constant. We note that e”0 is non-in- 
creasing on [0, 1). 
Proof of Corollary 11. From Theorem 10 we note that Q,, is given by 
and using (6) we obtain 
Since the density $I0 is non-increasing and strictly decreases on the intervals of 
type [$,y) a P s increases, we conclude that Qp > Q4 wheneverp < q. 
For the non-asymptotic independence of (Xp, p,), we see that b = vp07r;’ is 
not the Bernoulli measure (Qs, Qt, . . , Qb_r)“, since tip is the support of b and 
0~ s R (cf. Parry [Par]). 
6. DECAY OF CORRELATIONS AND SPEED OF CONVERGENCE 
We note that the convergence in (5) can be improved if one considers a re- 
stricted class of functions, i.e. there exist C > 0 and 0 < y < 1 such that for all 
gl , g2 E L’ (A) with gt a function of bounded variation we have 
(7) 
11 
gr .gz+% - gldvb g2% I CY’(v(gl) + llgrll,) Ilg2ll~ , J J 1 
where V(gr) denotes the variation of gt and I] . II1 is the L’(X)-norm. This is 
usually called exponential decay of correlations and it is true for any mixing 
piecewise expanding map of the interval T in place of Tp, where VP is replaced 
by the unique absolutely continuous invariant measure for T (cf. [HK]). 
Following the steps of the proof of decay of correlations for expanding maps 
by Liverani in [Livl] (or else [Liv2]) in our special situation of T = To, one ob- 
tains that y = l/p is a possible rate of convergence if p is an integer. Finding 
sharp bounds on y for /3 > 1 not an integer seems to be a nice problem in this 
context. A recent result by Keller [Kel] suggests that y = 2/p is a possible rate 
of convergence in 7, for general fl> 2. Also, when p > 1 is such that the p-ex- 
pansion of 1 is eventually periodic, then it is known that p is an algebraic 
number which is the dominant root of its defining minimal polynomial 
(cf. [Par]). The study of conjugates of ,f3 in this case, can be used to get estimates 
on y. For the present paper, we only mention that it is possible to find such a ,f3 
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with the property that y = r/p is the best possible rate (here r denotes the 
golden ratio (1 + 6)/2). This uses some results of Solomyak [Sol] and the fact 
that the conjugates of ,D can be used to construct eigenfunctions of the transfer 
operator L. 
Now, using (7) in the Proof of Theorem 10 we obtain the next result. 
Theorem 12. There exist K > 0 (depending only on @) such thatfor all continuous 
jiinctionsg: 620 + C, 
where 11 . llco denotes the supremum norm. 
This means that in the operator norm of the dual of C(Qo), the measures hpOaik 
converge exponentially to ~p07r~ -l. A better way to describe the above result is to 
consider any non-zero dense sequencef, E C(fl,) and define a standard metric 
d on the space of Bore1 probability measures on 0, (compatible with the 
weak*-topology) by 
Therefore Theorem 12 readily implies 
Corollary 13. There exist K > 0 (depending only on P) such that 
d(/qq’, vp~q’) I Kyk . 
Proof of Theorem 12. We may assume g is a real function. Let g, be a sequence 
of locally constant functions such that for all s 2 1, )lg - gslloo < 1 /s. For every 
fixed k > 1 and s 2 1 we have 
Since gs = CJZ 1 &,jXB,,,, where Bs,j are cylinders of the form [PO, . . . ,pelo, from 
the proof of Theorem 10 we obtain 
.I 
g, d(p@-k) = (he&) . g,oTi- ’ dvo . 
Using (7) and the fact that J h ePhfl dvp = 1 we get 
g&upoa;k) - g,d(r+or;‘) 5 C~~-~(v(he-~~) + lIhe-hollI)llgsll, 
’ 5 Kyk(ll& +;> . 
Since s 2 1 is arbitrary, the latter expression together with (8) gives the re- 
sult. 0 
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7. THE IRRATIONAL ROTATION VIEWED AS A MULTIPLICATION MACHINE 
Given the solution to the classical question mentioned in the Introduction and 
Section 1, we saw that the almost periodic behaviour of the digits appearing in 
the sequence 2” in base 10 is ruled by an irrational rotation of rotation number 
lag,,,(2). However, an explicit relationship between the two is not direct in our 
opinion and this motivated the inclusion of this section. 
Here we reinterpret the sequence ~9 (where (Y > 1) as the orbit of a point in 
0,. Recall the map rrp: [0, 1) -+ 0~ from Section 5. Multiplication by a: in Rp 
may be seen as a map A4,: 0, -+ 0~ given by M,(a_r , a-2,. .) = (b-1, b-2,. . .), 
where the latter is the unique sequence (greatest in lexicographical ordering) 
solving the equation 
(Y C ai,@ = C bj@jf”, 
is-1 is-1 
for some m 2 0. Letf: [0, 1) -+ [0, 1) be given byf = ~~44~~7r;~. There exists a 
unique k 2 1 such that pk > (Y 2 pk- ‘. Note that f has the following expres- 
sion 
for 1 5 s < k; 
I a p” x if XE - [ )- pk-’ ,1 CY 
In Figure 7 we depicted the graph off in two particular cases. The sequence (Y” 
$ 1 a 1 0; f 
(a) 
L 
a 
(b) 
Figure 1. The mapffor: (a) p > CY > 1; and (b) p3 > (Y > /3* > 1. 
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in base /3 is then the f-orbit of 1 /p expanded in base p. The f-orbit of every 
point x # 0 necessarily enters the interval Z = [I//3,1) andf leaves Z invariant. 
In fact, we have the following 
Theorem 14. The map corresponding to multiplication by CI in 0s is topologically 
conjugate to f, Zf logpa is irrational, the map f iI: Z + Z is topoIogically conjugate 
to an irrational rotation with rotation number 
PVlr) = lOi+Q (mod Z) . 
Moreover, us07rD -’ is the unique absolutely continuous invariant measure off IP 
whose density is given by 
1 1 -.- 
1ogp x ’ 
for x E I. 
Since if [a, b) C [l//3,1) then ,~~p~7r;l [a, b) = logp(b/a) we could have used the 
above result to compute the relative frequency of the blocks we studied in 
Section 5. However, in order to prove Theorem 14 we need to recall some re- 
sults from [CLR]. 
In [CLR] we studied a class of homeomorphisms of the circle which are 
piecewise linear and differentiable everywhere except for two distinct points. 
This family can be parametrised by two parameters a, b E [0, l), and has a rep- 
resentation in the interval [0, 1) by 
1-U 
a+-x 
b ’ 
if x E [O,b); 
&b(x) = 
5 (x-b), if x E [b, 1). 
The graph offa,$ is shown in Figure 2. Let a’ = (1 - a)/b and P’ = a/( 1 - b) 
Figure 2. The mapf& 
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denote the slopes of fa,b on the intervals [0, b) and [b, l), respectively. By Theo- 
rem 2 of [CLR] the rotation number off,,& is given by 
Pa,b = 1% A/ 1% 
and by Theorem 3 of [CLR] the density of the unique absolutely continuous 
invariant measure of fa,b (when Pa,& is irrational) is given by 
1 CY’ -. 
Ca’,B o’ x + p’ (1 - x) ’ 
I 
where the normalising constant ca~,pf is given by - P’ p’ ” a, log, 
Proof of Theorem 14. In order to prove the result we need only to scale the in- 
terval Z = [l/&l) to [O,l) ( usin an affine map). Since the slopes off on g 
[l/P, @-l/o) and V-‘lc~ 1) remain unchanged after the coordinate change, 
we see that a’ = CX/@-’ and p’ = a/,@. Now a simple computation gives the 
desired expressions. q 
8. OTHER SEQUENCES OF REAL NUMBERS 
The essential property we have used from u, was that the numbers 
xn = logo (mod Z) are equidistributed in [0, l), i.e. Weyl’s Theorem applies 
for f’(x) replaced by x + xj (mod Z). In fact, suppose u, is an arbitrary se- 
quence of numbers such that x,, have an asymptotic distribution in [0, l), 
i.e. there exists a probability measure x on [0, 1) such that, if S,, denotes Dirac 
measure at the point xj E [0, 1) then the sequence of probability measures 
i EyEi S,, converge in the weak *-topology to x. Using a similar argument o the 
one used in the proof of Lemma 8 we prove 
Corollary 15. Let u, be an arbitrary sequence of positive real numbers such that 
x, = logp(un) (mod Z) have an asymptotic distribution i on [0, 1). Then the re- 
lative frequency of a block [po,p~, . ,p,,,] appearing as the first m + 1 digits from 
the left, in the P-expansion of u, is given by 
freq [PO, . . . ,pm] = “(d “[4?$)) . 
As in Section 5, define a stochastic process (%p, pp) with values in A using the 
above relative frequencies, and denote by & the corresponding probability 
measure on 6). Now we see that, if x is absolutely continuous with respect to 
Lebesgue measure, we may take h = d(iOSP’)/dX in place of d(XoS-‘)/dX in 
the proof of Theorem 10, to prove 
Theorem 16. Suppose x, = log0 u, (mod Z) generate an asymptotic distribution 
x such that d(&S-‘)/dX E L’(X). Then, as k + 00, the sequence of probability 
measures &cG;~ converge in the weak*-topology to the equilibrium measure 
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fi = vpolrj’ supported on 0,. Therefore, (%p, pp) has the same asymptotic beha- 
viour as (Xp, PO). Moreover, if d(kS-‘)/dX E BV[O, 1) then the convergence to 
equilibrium is exponential as in Corollary 13. 
Next we review some types of sequences u, for which our results apply. In view 
of the polynomial version in our statement of Weyl’s Theorem, we conclude 
that Theorem 3 and Corollary 9 also hold for u, = cpP(“) + p(n), where c > 0, 
P > 1, cp(n) = o(p’(“)), and where P(x) =s~x’+siXr-‘+~~~+~~, r> 1, is a 
polynomial with positive real coefficients such that at least one of the coeffi- 
cients si, 0 < i < r - 1, satisfies si logp p is irrational. 
If u,, = P(n), where P(x) is a polynomial with positive coefficients, or if u, 
grows slower than a polynomial (e.g. log(n), loglog( etc.), then 
x,, = logp(u,) (mod Z) are not equidistributed in [0, 1), for any choice of ,B > 1. 
In some of these cases of slowly growing u,, one can show that there are blocks 
for which the lower relative frequency differs from the upper relative frequency, 
and therefore, in these cases, it makes no sense to define the stochastic process 
(Xb, P,). (Cf. [Kok] and references therein.) 
If un grows more than exponentially fast, attempting to prove the equidis- 
tribution of x, = loga (mod Z) in [0, 1), or convergence to some asymptotic 
distribution, can lead to difficult unsolved problems. For instance, in the spe- 
cial case of u,, = p”“, where p > 1 is real and b > 1 is an integer, write logp p = 0 
and hence x, = Ob” (mod Z). Therefore, the equidistribution of x, in [0, 1) 
would imply that 0 is a normal number in base b, i.e. the relative frequency of 
anydigitpg {O,l,... , b - 1) in the expansion of 19 in base b is 1 lb. As far as the 
author knows, it is still an open problem to find a single algebraic irrational 
number 0, which is normal in base b for some b. Also if 13 = e, 7r, en, or other 
typical transcendental numbers, it is not known whether they are normal in 
base b for any b. The known examples of normal numbers are usually specifi- 
cally constructed to satisfy the definition, as for instance, Champernowne’s 
number 
8 = 0.12345678910111213141516~~~ 
in base 10 (cf. [Cha]). Using basic results of Ergodic Theory, it is known that 
Lebesgue a.e. 0 is normal in base b, for each b > 1 (see e.g. [W2]). In fact, for 
Lebesgue a.e. 0 the sequence Bb” (mod Z) is equidistributed in [O, 1). This im- 
plies that for Lebesgue a.e. p, the sequence of numbers un = p” expanded in 
base p (,B > 1, any real number) satisfy Corollary 9. Hence it makes sense to 
define the stochastic process (X0, Pps) in these cases. 
We remark that our results also apply when u, = cpP(“) for c > 0, 0 < p < 1 
and si log0 p is irrational for some coefficient si, 0 I i 5 r - 1, of the polynomial 
P. Thus the polynomial P may also have negative coefficients. 
9. F-EXPANSION~ANDFINAL~CEMARK~ 
We point out that the above results for @expansions can be generalised to cer- 
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tain types of F-expansions. (This is inspired by the final comments in 
Walters [Wl].) 
Let F: [0, cm) ---f [0, CQ) be a Cl-map with F(0) = 0 and such that there exist 
(~2 > oi > 1 satisfying F’(x) E ((~1, cq), for all x 2 0. Consider the map 
T: [0, 1) ---f [0, 1) given by T(x) = F(x) (mod Z), and the points 
0 < <, < (2 < ... < b _ 1 corresponding to T-’ (0). Note that [i are exactly the 
solutions Of F(ci) E N with <i E (0,l). 
Replacing the P-transformation by Tin the Section 5 and the partition 
by the partition { [0, Ii), [<I, &), . . . , [[b _ 1, l)}, we define the F-expansion of a 
number 0 < u < 1 as the sequence of integers aj = [FoTj(u)] E A, j > 1. If 
u > 1 define a generalised F-expansion of u to be the F-expansion of fi = Fek(u), 
where k > 0 is the smallest integer such that U E (0,l). Our results for the /I- 
expansion of un have analogous statements for the generalised F-expansion of 
u,. The assumption on u, should be that the sequence X, = Fekn(u,,) must have 
an asymptotic distribution i on [0, l), which is absolutely continuous with re- 
spect to Lebesgue measure (k, being the smallest integer such that 
Fpkn(u,) E (0,l)). Under this assumption, the conclusion is the same as in 
Theorem 6, where the measure vp is replaced by the unique absolutely con- 
tinuous invariant probability measure of the map T (cf. [LY], [HK]). 
It would be nice to prove the asymptotic results of this paper in the case 
u, = P(n)pQ("), where P, Q are polynomials with real coefficients. However, 
this amounts to finding asymptotic distributions for x,, = 8. Q(n)+ 
log@ P(n) (mod Z) in [0, 1) (where 0 = log@ p), which as far as the author knows, 
is still a subject for further developments. 
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